Introduction
A celebrated theorem of Artin and Schreier [AS] characterizes the fields K whose absolute Galois group G K is isomorphic to that of R as the real closed fields. In the present paper we consider the analogous problem for nonarchimedean local fields of positive characteristic F = F p n ((t)). We show that a field K with absolute Galois group isomorphic to G F possesses a Henselian valuation v such that:
(1) the value group Γ of v satisfies Γ/l ∼ = Z/l for all prime numbers l = p; (2) the residue fieldK of v has characteristic p; (3) the maximal prime to p Galois group GK(p ) ofK isẐ/Z p ; (4) if char K = 0 then Γ = pΓ andK is perfect. For every positive integer r we construct such fields K of characteristic p with Γ/p ∼ = (Z/p) r . Likewise we construct examples with Γ ∼ = Z, GK ∼ =Ẑ andK imperfect.
The similar problem for p-adic fields was answered by Koenigsmann [Kn] and the first named author [E1] (for p = 2), extending earlier results by Neukirch [N2] and Pop [P1] : the fields K such that G K ∼ = G F for some finite extension F of Q p are precisely the p-adically closed fields in the sense of [PR] .
Notation
We denote the algebraic, separable, and inseparable closures of a field K bỹ K, K sep , and K ins , respectively. For a positive integer m with char K m let µ m be the group of roots of unity of order dividing m inK. For a prime l with l = char K let µ l ∞ = lim → r µ l r . Given a profinite group G and a prime number l, denote the quotient lim ← G/N , where N ranges over all open normal subgroups of G with G/N abelian (resp., of l-power order, of order prime to l) by G(ab) (resp., G(l), G(l )). We define G (ab, l) , G(ab, l ) similarly. For a (Krull) valuation v on K let Γ v , O v , andK v be the corresponding value group, valuation ring, and residue field, respectively.
Galois groups of Henselian fields
We first recall several basic facts about the structure of the decomposition group of (K, v) relative to K sep (see e.g. [Ed] , [P2, §1] or [E1, §1] for more details and proofs). For simplicity we assume here that v is Henselian, i.e., the decomposition group is G K . Let K ur and K tr be the maximal unramified and maximal tamely ramified Galois extensions of (K, v) 
which are split, by [N1] and [KPR] , respectively. For a prime number l let
with the Galois action. The analogous result for the maximal pro-l Galois group G K (l) of K is the following: If l = charK v is prime and
Now fix a prime number p. Given a pro-p group H and a cardinal number c let F p (H; c) be the free H-operator pro-p group on c generators, in the sense of [K1] , [MSh] . The following is a modest generalization of the main result of [MSh] (which treats Laurent series fields).
Theorem 1.1. Let (K, v) be a Henselian discretely valued field of characteristic p and let c
with the canonical action.
When k =K v is perfect, this theorem can be proven using precisely the same argument as in [MSh, Th. 1] . We therefore omit the details. When k is not perfect, one can prove it as follows: Let u be the unique prolongation of 
and this isomorphism is compatible with the Galois action onμ. Therefore
Now from [MSh, §1, Prop . 1] we deduce that
where * denotes free pro-p product. Since |L| = |K|, from Theorem 1.1 we deduce
Existence of Henselian valuations
Let K M 2 (E) be the second Milnor K-group of the field E, and let {·, ·}:
E) be the natural symbolic map. The following theorem combines powerful constructions of Ware [Wr] , Arason-Elman-Jacob [AEJ] (for l = 2), and Hwang-Jacob [HJ] (for l = 2); see also [E3] and [Kn] .
Theorem 2.1. Let l be a prime number, let E be a field of characteristic
The rank of a profinite group is the minimal number (possibly ∞) of topological generators of it.
Proposition 2.2. [E1, Prop. 2.1] Let l be a prime number and let (E, u) be a valued field such that charĒ
where M ranges over all finite separable extensions of E. Then (E, u) is Henselian.
Combining the previous two facts, we obtain the following result (which is essentially proven in [E1] for l = 2). Proposition 2.3. Let l, p be distinct prime numbers and let K be a field of characteristic = l. Let E 0 be a finite extension of K containing µ l and containing √ −1 if l = 2. Suppose that for every finite separable extension E of E 0 one has
consisting of the images of σ and τ . From the defining relation τ
Furthermore, when l = 2 one has ϕ 1 ∪ ϕ 1 = ϕ 2 ∪ ϕ 2 = 0 by the anti-commutativity of ∪. When l = 2 we may identify ϕ i ∪ ϕ i with the class of a quaternion algebra (a i , a i /E) in the Brauer group Br(E); here
. By the Kummer theory and the Merkur'ev-Suslin theorem [MSu] , this implies that
, which is not the case [E1, Lemma 4.1]. We conclude that GĒ u (l) = 1. This implies that the latter group is in fact infinite ( [B] ; note that when l = 2, √ −1 ∈Ē u ). Proposition 2.2 therefore shows that (E, u) is Henselian.
Now take E = E 0 , let u be as above, and let 
Proof. By the Henselianity, one has a well-defined commutative square
By assumption, the left vertical map is surjective. Hence so is the right vertical map; i.e.,
The absolute Galois group of a local field of characteristic p
From now on we fix a local field F = F q ((t)) of characteristic p > 0. Let G = G F , T = G F ur , and V = G F tr , taken with respect to the canonical discrete valuation on F . The group structure of G was described by Koch [K1] (and follows from the general considerations in §1); namely: 
Proof. (a) We need to show that if L is a Galois extension of F such that
(b) follows from (a). In all cases except l = p = 2 let I be the set of all integers n such that n < −s and (pl, n(s + n)) = 1. When l = p = 2 let I be the set of all integers n such that 2 n and 4 s + n < 0. Using again [FV, Ch. II, §4.4 , Cor. 1] we see that I is always infinite.
We claim that the elements π n , where n ∈ I, are distinct modulo F + ℘(E). Indeed, suppose that π n − π n = y + ℘(x), with y ∈ F , x ∈ E, n, n ∈ I, and n < n . By (a),
However, negative elements of v(℘(E)) are divisible by p. Thus, we get a contradiction in all cases except l = p = 2. In the remaining case l = p = 2 we obtain v(x) < 0 and hence v((σ − 1)(℘(x))) = 2v((σ − 1)(x)). Since π is a primitive element for the extension E/F , we can write
by (a). But 2|v(c 1 ) and 2 s [FV, Ch. III, Prop. 2.3], so v((σ − 1)(x)) is even. We conclude that 4|s + n, a contradiction. 
The main results
We still fix a local field F = F q ((t)) of characteristic p > 0. [S, Prop. 3] . Fix a finite separable extension E l of K such that E l , E l contain µ l , and contain √ −1 if l = 2. Then for every finite separable extension E of E l one has
for some s = s(E) ≥ 1 such that p s ≡ 1 mod l (namely, p s is the cardinality of the residue field of E ; see §1). Proposition 2.3 gives rise to a Henselian valuation
By Proposition 2.4, the valuations v l , l = p, are pairwise comparable. It follows that l =p O v l is a Henselian valuation ring on K. Let v be the corresponding valuation on K. For every prime number l = p the fact that [E1, Lemma 4.1] . We conclude as before using [E1, Lemma 1.2] and the considerations of §1 that dim
To prove (b), let T v , V v be the inertia and ramification groups, respectively,
According to Proposition 3.3 it intersects every non-trivial closed normal subgroup of G K . Thus
Since a free pro-p group of rank ≥ 2 does not have non-trivial abelian closed normal subgroups, T v ∩σ −1 (V ) is non-abelian. Therefore Syl p (T v ) is non-abelian, which can happen only when charK v = p.
Lemma 4.2. Let H be a profinite group such that cd p (H) ≤ 1 and such that
Proof. By [S, Prop. 16] and [FJ, Cor. 20.14] , H embeds as a closed subgroup of a free profinite groupF . Now any closed subgroup ofF isomorphic to Z l , l = p, is mapped bijectively by the canonical projectionF →F (ab, p ). Since the induced homomorphism H →F (ab, p ) breaks through H(ab, p ), any l-Sylow subgroup of H is mapped bijectively onto an l-Sylow subgroup of H (ab, p ) 
where any σ ∈ GĒ l acts on the generator τ of Z l according to
The same analysis holds for F , so we obtain that
where F l and s are defined in a similar manner. Since the residue fieldF l of F l is the l-Sylow extension of F q , it does not contain µ l ∞ . Hence s < ∞. If s = ∞ then we would obtain that GĒ l (ab) ∼ = Z l /l s , which is impossible at positive characteristic. We conclude that s = s < ∞ and GĒ l (ab) ∼ = Z l . It follows thatĒ l ,F l contain the same roots of unity of l-power order, and GĒ l ∼ = Z l . As 
Finally, we prove (d). By [S, Cor. 2] , Syl p (GK v ) is indeed a free pro-p group. Suppose that it is trivial. Then the maximal pro-p Galois extension of F p is contained inF p ∩K v . However, (b) and (c) imply thatF p ∩K v ⊆ F q , a contradiction. S, Prop. 3] ; here E is as before the extension of F corresponding to E with respect to a fixed isomorphism σ: G K → G F ). It follows that for every Galois extension M of E of degree p, the norm homomorphism N M/E : M × → E × is surjective (see e.g. [M, Th. 15.7] ). To prove (a), let E = K(µ p ) and let u be the unique extension of v to E. By Proposition 4.3,K v contains only finitely many roots of unity. Hence so does its finite extensionĒ u . It follows that Gal(F pĒu /Ē u ) ∼ =Ẑ. Therefore there is an unramified extension (L, w) of (E, u) of degree p; thus Γ w = Γ u . By [E1, Lemma 1.2] and by Lemma 2.5 (for the extension L/E), (Γ v 
To prove (b), let T v , V v be again the inertia and ramification groups, respec-
Since V is pro-p, these two facts imply that the pro-p group V v is non-trivial. Therefore we can take a tower of finite extensions 
Constructions
We conclude by showing that various restrictions made in our main results in §4 are indeed necessary.
Example 5.1. For every positive integer r we construct a Henselian valued field
We first construct inductively countable Henselian discretely valued fields (K r , v r ) as follows: Let (K 1 , v 1 ) be a Henselization of F q (t 1 ) with respect to the discrete valuation with uniformizer t 1 . Assuming that (K r , v r ) has already been defined, let L r be a maximal totally tamely ramified extension of it. Then the (supernatural) degree [L r : K r ] is prime to p. Let (K r+1 , v r+1 ) be a Henselization of L r (t r+1 ) with respect to its discrete valuation with uniformizer t r+1 . Since both L r and K r are countable, Proposition 1.3 implies that
Next we construct the valuations u r on K r inductively as follows: Take u 1 = v 1 . Assuming that u r has already been defined, let w r be its unique prolongation to L r . Let u r+1 be the refinement of v r+1 such that the residue valuation u r+1 /v r+1 on L r is w r [R] . Since both w r and v r+1 are Henselian, so is u r+1 [R, pp. 210-211] . One has an exact sequence
of ordered abelian groups, and Γ w r is convex in Γ u r+1 . We obtain an exact sequence of abelian groups
r [E2, Lemma 2.4(b) ]. Combining this with Γ v r+1 /p ∼ = Z/p, we conclude that Γ u r+1 /p ∼ = (Z/p) r+1 , as desired. In fact, K r , L r embed in a maximal totally tamely ramified extension (M r , w r ) of the r-dimensional local field F q ((t 1 )) · · · ((t r )) with its canonical discrete valuation of rank r (see [FV, Appendix B] ). By considering the restrictions of w r to these fields one can obtain an alternative proof that Γ u r /p ∼ = (Z/p) r . as F q (e.g., this happens when K is a finite extension of Q p with residue field F q ). Let L/K be an arithmetically profinite totally ramified extension (for the definitions see [Wi] or [FV, Ch. III, §5] ). In particular, if [L : K] = l l n(l) , then n(p) = ∞ and l =p n(l) < ∞. The theory of fields of norms of FontaineWintenberger [Wi, 3.2.3] implies that G L ∼ = GK v ((X)) . By Corollary 1.2, the latter group is isomorphic to G F . If u is the extension of v to L, then Γ u = pΓ u and Γ u /l ∼ = Z/l for l = p prime.
Remark 5.4. Let M be an n-dimensional local field such that its canonical valuation of rank n has residue characteristic p (cf. [FV, Appendix B] ). From the discussion in §1 it follows that for every prime number l = p one has 
